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Synthesis Strategies for 
Separation Systems with Energy Integration 

Multicomponent 

The problem of syn$esizing an optimal multicomponent separation sys- 
tem which is energy integrated is solved by a combined decomposition and 
dynamic programming technique. 

Dynamic programmkg is an optimization technique which allows the 
solution by decomposition of a multistage or serial optimization problem. 
Whenever the special serial structure is absent, again decomposition can 
be tried, but in this case it is by no means obvious how to decompose effec- 
tively the given problm into subproblems. In this paper the nonserial 
problem of synthesizinq an energy integrated separation system is solved 
by decomposing the original problem so that a serial structure results. 
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In the synthesis of chemical processing systems two key 
subproblems are: 

1. The selection of the basis and sequence of separation, 
and 

2. The determination of a heat exchanger network for 
energy recovery. 

The quality of solution of these subproblems can have 
a large effect on the overall efficiency of a chemical 
processing system. The separation problem is important 
in that a major part of the capital investment and utilities 
for a process are detertnined by the separator types and 
sequences. The recovery of energy in heat exchanger 
networks is also an important feature as energy integra- 
tion reduces consumptiQn of increasingly expensive energy 
resources. 

Each of the subproblems has been solved separately. 
The separation problem has been solved by three basic 

Correspondence concerning this paper should be addressed to G. J. 
Powers. 

techniques. Heuristic methods in which rules of thumb 
are used to limit the search to solutions which appear 
to be best have been developed by several workers in- 
cluding Thompson and King (1972). An embedding ap- 
proach in which all possible separation sequences are em- 
bedded in a structure on which parameter optimization 
is performed has been advanced by Ichikawa and Fan 
(1973). In this method all possible separators considered 
for a given problem are interconnected and optimization 
is performed over stream split parameters. 

A final approach is a dynamic programming method 
developed by Hendry and Hughes (1972). In their 
method, Hendry and Hughes systematically generate the 
separation subproblems which can occur in all possible 
separation sequences. They then use the principle of 
optimality to select the optimal separation sequence. 

The heat exchanger network synthesis problem has 
been studied by modern methods since Hwa (1965) 
developed a separable programming method to determine 
the optimal network. Kesler and Parker (1969) devel- 
oped a linear programming model and Masso and Rudd 
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(1969) applied heuristic programming methods to the prob- 
lem. Lee et al. (1970) developed a branch and bound 
technique for determining the optimal heat exchanger 
network. 

These methods offer effective means for solving each 
of these synthesis subproblems separately. These subprob- 
lems interact strongly. The solution to the separation 
sequencing problem often depends on the cost of heating 
and cooling operations. The cost of heating and cooling 
depends on how much heat recovery occurs in the process. 
Hence, the separation problem depends on the solution 
of the heat exchanger network synthesis problem. The 
problem is further complicated by the fact that the heat 
exchanger network synthesis problem depends on what 
streams are available for energy exchange. The streams 
are not known until the separation sequence has been 
selected. Hence, both of the subproblems are strongly 
coupled. 

In this paper, we develop a method for solving both 
of these subproblems at the same time. 

The method is tested on a five-component distillation 
problem in which all columns operate at the same pres- 
sure. In addition, high recoveries (99%) are required for 
each distillation column. These two assumptions are used 
to reduce the size of the synthesis problem. With all 
columns at the same pressure the dew points and bubble 
points are fixed and many energy integrations are in- 
feasible due to the second law of thermodynamics. By 
assuming high recoveries and constant pressures for the 
separation, the information flow is serial and dynamic 
programming can be used to select the optimal sequence. 

Energy integration is considered only between reboiler 
and condenser streams. Energy integration with tower 
feeds and products are neglected as they are small energy 
sources or sinks when compared to the reboiler and 
condenser streams. 

CONCLUSIONS AND SIGNIFICANCE 
In previous work the overall process synthesis problem 

has been decomposed into small, hopefully independent 
and more easily solvable subproblems. The subproblems 
are reaction path synthesis, species allocation, separation 
sequencing, and energy integration. The solutions of 
these subproblems has been the focus of much of the 
research effort in process synthesis. In this paper we have 
shown how two of these subproblems can be solved 
simultaneously to overcome the interactions which occur 
between them. 

Decomposition followed by dynamic programming is 
an effective strategy for the synthesis of optimal separa- 
tion sequences which are energy integrated. The five 
exclusion rules for determining the feasibility of energy 
integration are very powerful within the limits of iso- 
baric operation. 

The computations required to find the optimal sequence 
are much less than those required for exhaustive search. 
Very seldom is it necessary to make multiple passes 
through the dynamic programming search. 

Methods based on first solving the separation sequenc- 
ing problem and then energy integrating that sequence 
give only a local optimum while this method gives the 
global optimum. 

The assumptions of constant pressure and constant high 
recovery in all columns are restrictive. Relaxing the con- 
stant pressure constraint introduces more energy integra- 
tions and cyclic information flow which prevents the 
direct use of dynamic programming methods. If constant 
high recoveries are not assumed, the separation subprob- 
lems interact and again dynamic programming cannot be 
used. 

Multicomponent separation problems are an important 
part of almost all chemical processing systems. The sepa- 
ration problems that occur in the synthesis of a chemical 
process arise from the allocation of chemical species from 
a single source stream to multiple destinations. The sources 
in most chemical systems are raw material inputs and 
reactors effluents. The destinations are reactor inputs, 
products, and waste streams. In order to achieve a given 
species allocation, it is necessary to determine the best 
sequence of separators to be used. The solution to a given 
separation problem is defined by giving the physical or 
chemical property dlifference exploited at each separator, 
the phases at each separator, the forces involved in each 
separator, and finally, the sequence in which the separa- 
tions are to occur. 

One convenient way to consider the selection of separa- 
tion basis and sequence is to first rank the species in the 
mixture according to their physical or chemical properties. 
For example, the species in a solid-solid mixture could 
be ranked by their size-from largest to smallest; species 
in a liquid mixture might be ranked by the volatiltity- 
from most volatile to least volatile. The result of the 
ranking is an ordered list for each property which gives 
the species name and its property rank relative to the 
other species in the mixture. It is then possible to discuss 
separation as a list splitting operation in which species 
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above a certain property value are separated from species 
below that value. The generation of a separation sequence 
then involves selecting the appropriate property list and 
the location within the list for separation. The separations 
possible for one property list of five components are 
shown in Figure 1. 

Note that there are four possible separation points for 
the five-component mixtures and that nearly complete 
separation is assumed. 

The sublists which result from a split of an ordered list 
are themselves ordered and can be further considered 

Fig. 1. T h e  four possible woys of splitting o five-component ronked 
list ABCDE. 
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5-component 
subgroups 

( ABCDE ) 

TABLE 1. AL& POSSIBLE SUBGROUPS RESULTING FROM THE SPLITTING OF THE RANKED LIST ABCDE 
Figure 2 illustrates how these subgroups are generated 

4-component 
subgroups 

( ABCD ) 
( BCDE ) 

3-component 
subgroups 

( ABC 1 
(BCD 1 
( CDE 

for separation. Figure 2 illustrates the generation of sepa- 
ration subgroups for a fivle-component separation problem 
when only one property ranking is considered. The num- 
bered arcs on Figure 2 denote possible separation sub- 
problems. For example, Subproblem 20 involves separat- 
ing the mixture ABCDE @to two mixtures, one containing 
ABCD and the other cantaining only E. Table 1 gives 
all the subgroups which ban appear in this five-component 
problem. There are 20 separation subproblems involving 
these subgroups. From these subproblems and subgroups 
it is possible to generate 14 separation sequences. Each 
sequence completely separates the original five-component 
mixture. Three of the fburteen sequences are shown in 
Figure 3. Table 2 illustrates how the number of sub- 
groups, subproblems, and sequences varies with the num- 
ber of components in the mixture. Note that the number 
of sequences grows rapidly for mixtures containing more 
than six components. Fortunately, there are very few in- 
dustrial separation problems which contain six different 
species each of which is required at a different destination. 

Several techniques have been advanced to overcome 
the problems associated with the large number of solu- 
tions indicated in Table 2. Experienced engineers utilize 
heuristics or rules of thumb to guide their search for a 
satisfactory sequence. Thompson and King (1972) have 
used a heuristic approach to develop computer programs 

Fig. 2. The generation of subgroups from a ranked l ist  ABCDE. Two 
arcs bearing the same number represent one separation operator. 
The subgroups at  the ends of each arc are generated from the parent 

group. 

2-component 1-component 
subgroups subgroups 

which aid a designer in selecting a satisfactory separation 
sequence. Since their approach uses heuristics, no direct 
mathematical claims for optimali,ty can be made. Similar 
heuristic approaches have been used by Heaven (1969), 
King (1971), Maikov et al. (1972), Nishimura and 
Hiraizumi ( 1971), Petlyuk et al. ( 1965), and Rudd et al. 
( 1973). 

A separation sequencing method based on dynamic 
programming has been developed by Hendry and Hughes 
( 1972). The method focuses on the separation subprob- 
lems which make up each possible separation sequence. 
The search for the optimal sequence is started at the 
binary separation subproblem and proceeds to ternary and 

A B C D 

ABCDE 
__L + 

E ( a )  
BCDE CDE DE 

- & C 
ABCDE 

D 

( b )  
* 

BCDE DE 

CD 
A B 

ABCDE 
v 

( C  1 
E 

BCDE CDE 

C 

1 D 

Fig. 3. Three out of fourteen possible sequences for separating the 
five-component mixture ABCDE using one property difference. 
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larger separations. The solutions to each subproblem are 
assembled using the principle of optimality (Bellman and 
Dreyfus, 1962). Table 3 illustrates this procedure. It is 
desired to separate the mixture ABCDE into pure A, B, 
C, D, and E streams. The binary separations are consid- 
ered first and the optimal means for carrying out each 
one determined. The optimization is over type of separa- 
tion, that is, distillation, extraction, crystallization, etc., 

TABLE 2. NUMBER OF SUBGROUPS, SEPARATION SUBPROBLEMS, 

AND SEPARATION SEQUENCES ASSOCIATED WITH SEPARATIOS 
OF A MULTICOMPONENT MIXTURE FOR ONE PROPERTY 

DIFFERENCE 

Number 
of com- 
ponents 

“1 

2 
3 
4 
5 
6 
7 
8 
9 

10 

Number of 
separation 

Number of problems 
sub- 

subgroups [ ( N  - 1) ( N )  
( N  + 11/61 “ ( N  + 11/21 

3 
6 

10 
15 
21 
28 
36 
45 
55 

1 
4 

10 
20 
35 
56 
84 

120 
165 

Number of 
sequences 

[2(N - l)]! 

N ! ( N  - l)! 

1 
2 
5 

14 
42 

132 
429 

1,430 
4,862 

and the conditions of the separation, that is, temperature, 
pressure, reflux ratio, number of stages, etc. Table 4 
describes the mixture, and design and cost equations 
which are used to compute optimal cost of each separa- 
tion operation. 

The ternary separation subproblems are considered 
next. The optimal method for separating the ternary mix- 
tures is to determine first the optimal costs for separating 
the ternary mixture into two streams (one containing one 
species, the other containing two). To these costs is added 
the previously determined optimal cost for separating the 
stream which contains two species. For example, the mix- 
ture ABC can be separated in two ways. One separation 
yields the streams A and BC, the other gives streams AB 
and C. The optimal means for separating a mixture ABC 
depends on the costs for separating A from ABC plus the 
costs for separating BC versus the costs for separating 
C from ABC plus the cost for separating AB. By sys- 
tematically computing the optimal costs for each separa- 
tion subproblem it is possible to build up the costs for 
all sequences in the process. The method has a mathe- 
matical guarantee of optimality. This method will be 
used later in this paper to determine the optimal dis- 
tillation structure when energy integration is considered. 

A key assumption in the use of dynamic programming 
search methods is that the information flow is serial. That 
is, there is no feedback of information in the system. The 
principle of optimality is based on the fact that optimal 
decisions preceding a decision can only be made if they 
do not depend on later decisions. (If the later decisions 

TABLE 3. DYNAMIC PROGRAMMING SYNTHESIS OF THE OPTIhfAL SEPARATION SEQUEXCE FOR THE hIIXTURE ABCDE 
DESCRIBED TABLE 4. COSTS ARE FOR CASE WHERE KO ENERGY ISTEGRATION OCCURS 

Separation 

A/B 

B/C 

C/D 

D/E 

A/BC 
AB/C 

B/CD 
BC/D 

C/DE 
CD/E 

A/BCD 
AB/CD 
ABC/D 

B/CDE 
BC/DE 
BCD/E 

A/BCDE 
AB/CDE 
ABC/DE 
ABCD/E 
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Minimum 
cost of 

separation, 
$/yr. 

0.5909 x l o 5  

1.1% x 105 

0.7198 x 105 

3.272 x 105 

0.9260 x 105 
3.881 x 105 

1.305 x 105 
0.9041 x 105 

0.9394 x 105 
3.144 x 105 

0.9935 x 105 

0.9806 x lo5 
4.208 x 105 

i . 4 a  x 105 
1.100 x 105 
3.314 x 105 

1.149 x 105 
4.615 x 105 
1.171 x 105 
3.449 x 105 

1974 

Total cost 
including 

subsequent 
separations, 

$/yr. 

0.5909 x 105 

1.196 x 105 

0.7198 x 105 

3.272 x 105 

2.1220 x 105 
4.4719 x 105 

2.0248 x lo5 
2.1001 x 105 

4.2034 x 105 
3.8638 x lo5 

3.0183 x 105 
5.5187 x lo5 
3.1026 x lo5 

5.3098 x 105 
5.5680 x I05 
5.3388 x 105 

6.4588 x 105 
9.0697 x 105 
6.5650 x lo5 
6.4673 x 105 

Minimum 
subgroup 

decomposition 
cost, $/yr. 

0.5909 x 105 

1.196 x 105 

0.7198 x l o 5  

3.272 x 105 

2.1220 x 105 

2.0248 x 105 

3.8638 x 105 

3.0183 x 105 

6.4588 x lo5  

Optimal sequence 
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TABLE 4. DESCRIPTIO~ OF THE MIXTURE ABCDE AND THE DESIGN AND COST EQUATIONS USED FOR THE EVALUATION OF 
S E P A R A ~ O N  SUBPROBLEMS. COSTS IN TABLES $6, AND 7, ARE BASED ON DATA IN Tms TABLE 

p,,llxture ~ ~ ~ ~ ~ ~ ~ n t s  propane ( A ) ,  I - b u t a n e  (81, n - b u t a n e  ( c ) .  I -Pen tane  ( D )  n - p e n t a n e ( E )  

Feed Ra te  9 0 7  2 kg  mol I h r  
Composi t ion Component Mole F r a c t i o n  

A 0.0 5 
B 0 . 1  5 

C 0 2 5  

D 0 2 0  

E 0 3 5  

S e p a r a t o r  t y p e  dist i l lat ion co lumn 

Desian and cost equa t ions  

Minimum number of s tages  ( Fenske , 1 9 3 2 )  

kg inoles of component r in d i s t i l l a te  

k g  moles of component r in  b o t t o m s  

k g  moles of component  I in d i s t i l l a te  

k g  moles of component i in bo t toms  

value is geomet r i c  mean of the  values a t  t he  column t o p  and b o t t o m  

Minimurn re f l ux  r a t i o  ( Underwood , 1 9 4 8  

“ ‘ lZ f ,F  = 1 - 0 
i ? = I  4 i  - e 

Number of stages ( Gi l l i lond, 1 9 4 0  ; Van Winkle and Todd , 1971  ’ 

D iamete r  of the  co lumn ( H e a v e n  , 1 9 6 9 )  

w h e r e :  112 
V1.761 [%) 

Height of the  column ( Heaven  , 1 9 6 9 ) :  

Hc = 0 .61  I?] + 4 . 2 7  

Cost  basis of op t im iza t i on  
t o t o l  instal led equ ipment  cos t  Total annual cos t  = Annual o p e r a t i n g  c o s t  + 

p r o j e c t  l i fe  

Column cos t  ( G u t h r i e  , 1969 ) .  

Instal led cost  of the column = 4 .34  
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TABLE 4. (Continued) 

I f  the column p r e s s u r e  IS m o r e  t h a n  3 . 4  a t m  a c o r r e c t i o n  f a c t o r  

o f  [ 1 + 0 0 1 4 7  ( P -  3.4 I] is appl ied.  

T r a y  cost ( G u t h r i e ,  1969 1:  
I ns ta l l ed  c o s t  of t r a y s  

I n s t r u m e n t a t i o n  c o s t :  

co lumn i n s t r u m e n t a t i o n  c o s t  = 4,000.00 

Ma in tenance  cos t  of t h e  c o l u m n  ( G u t h r i e ,  1 9 6 9  ) 

2 ' / O  of t h e  t o t a l  ins ta l led  cos t  of t h e  c o l u m n  

If the p ressu re  is m o r e  than  1 0 2  a t m  a c o r r e c t i o n  f a c t o r  

of [1+0 .0147  ( P - 10.2 ) ]  is appl ied 

Hea t  exchanger  o p e r a t i n g  c o s t  = 8500 ( C U Q  ) + 2 Oi0 of  t h e  t o t a l  
i ns ta l l ed  c o s t .  

M a t e r i a l  of c o n s t r u c t i o n  C a r b o n  s t e e l  

Cos t  of U t i l i t i e s  ( G u t h r i e ,  1 9 6 9  ) 

Ut l l l t y  Cost ($ /m i l l i on  kcal 

S t e a m  ( 2 8 . 2 3  a t m  4 2 9  

S team ( 1 1  . 2 2  a t m )  3 2 4  

S t e a m  ( 4 08  a t m )  2 40 

S t e a m  ( 1 7 0  a t m )  1 7 5  

Coo l i ng  w a t e r  ( 3 2 2 ° C )  0 2 8  

Ammon ia  ( 1  " C  ) 6 91 

Ammon ia  (-17 78OC 1 12 4 3  

Ammonia  (- 21 6 7  "C 1 16 59 

Phys ica l  P r o p e r t i e s  

K - v a l u e s  liquid and vapor  en tha lp ies  a r e  e s t i m a t e d  f r o m  t h e  poi) 
c o r r e l a t i o n s  o f  e x p e r i m e n t a l  d a t a  ( A P I  , 1 9 5 3  ) 

Assumed  values 

r\ = 80° 'o in  a11 the  co lumns  

P = 6.8 a t m  , 0 1 1  co lumns  

R = o p t i m a l  v a l u e  w i t h  r e s p e c t  t o  t h e  t o t a l  annua l  c o s t  

Key c o m p o n e n t  r e c o v e r i e s  = 98  VO f o r  bo th  keys  in  a11 c o l u m n s  

Feed  c o n d i t i o n  = s a t u r a t e d  l i q u i d  f e e d  f o r  a11 c o l u m n s  

O p e r a t i n g  hours  in  a y e a r  = 8500 

P r o j e c t  l i f e  = 1 0  y e a r s  

depend on present decisions, a recycle or feedback of 
information exists.) In the separation problem described 
in Table 1 no recycle of information existed. Interactions 
between separation subproblems can occur if material, 
energy, or momentum are passed between separators 
along their connecting streams, The flow rate and species 
concentration entering a separator depends on the per- 

formance of previous separators. The feed temperature 
and phase depend on the conditions in the previous sepa- 
rators if no precooler or preheater is used. The pressure 
of a separation depends on the pressure of previous sepa- 
rators if no valves or pumps are used to change the feed 
stream pressure. In addition, if a separation requires that 
an agent be added to the system, the subsequent separa- 
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tions will depend on thd amount of the agent and where 
it is subsequently remo ed from the separator product. 
Similarly, when energy 4tegration is considered, a strong 
recycle of infurmation exists. The optimal means for 
separating a mixture oft+ depends on the costs of utilities 
used to drive the separat+n. 

In distillation the costs associated with supplying and 
removing energy are ve? important. In many distillations 
the energy cost can accpmt for up to 70% of the total 
cost of the separation (King, 1971). Hence, the cost of 
energy can have a large effect on the size and sequence 
of distillation columns bsed to solve a multicomponent 
separation problem. The1 energy costs of other separations 
such as crystallization, Etxtractive distillation, and absorp- 
tion can also be significaqt (King, 1971; Treybal, 1968). 

The cost of energy to idrive a given separation depends 
on the following two factors: 

1. The cost of utilities that could be used to supply and 
remove energy from the separator. The utilities include 
steam at various press$res, cooling water, and various 
temperature levels of reftigerant. Table 4 illustrates typical 
costs for utilities of this type. 

2. The availability af streams within the processing 
system that could be uqed for heat exchange. These are 
streams which must be heated or cooled as they pass 
between units in the process. 

The cost of performilbg a separation with energy sup- 
plied from a stream alteady within the process will be 
much less than if utilities are used. The energy from the 
process stream is esseneally free. Since energy costs are 
very important in desigrlin distillation columns one might 

determining the sequegce of separators used to solve 
multicomponent distillation problems. The main idea here 
is to use energy sources lor sinks available in other process 
streams to condense vapor in the overhead of a column 
or to boil liquid in the reboiler of a column. These other 
process streams might be reboiler or condenser streams 
in the same separation sequence. One possible integration 
of this type is shown in Figure 4. In order to determine 
how to match the systeM energy sources and sinks within 
the possible separation sequences, it is necessary to solve 
an energy integration problem. The next section gives a 
brief review of energy integration strategies. 

expect that the recovery o f energy would be important in 

OPTIMAL HEAT EXCHANGER NETWORK SYNTHESIS 

The problem of synthesizing an optimal heat exchanger 
network has been stud/ied by several workers over the 
past decade. The problem can be stated simply: 

Given n streams to be heated and m streams to be 
cooled, find the heat exchanger network which will 
carry out the deshed temperature changes with the 
minimal cost. 

The cost is made up of two factors: (1) The cost of 
heat exchangers to carry out the energy transfers, and ( 2 )  
the cost of utilities which might be required to process 
each stream to its required final conditions (temperature). 

The optimal solution to this problem usually involves 
an integration of the hot and cold streams in heat ex- 
changers to reduce thq need for outside energy sources 
and sinks (utilities). Por even simple problems, there 
exists a large number bf ways the hot and cold streams 
can exchange energy ~ t h  each other. Figure 5 illustrates 
one of over 200 possiblb solutions to a four-stream energy 
integration problem (Uee et al., 1970). Those who have 
worked on the heat exchange network synthesis problem 
have concentrated on means for overcoming the com- 

A B  

A B C D E  
c 

,C 

c 
CDE . w DE nE 

Fig. 4. One possible sequence illustrating energy integration. 

2 5 0 ° C  I 

I78 "C 

160°C I37 "C 

.) 
93°C 

162°C k 
1 3 8 ° C  

Fig. 5. One possible heat exchange network for a four stream energy 
integration problem (Lee et al., 1970). 

binatorial aspects of the problem. 
Hwa (1965) proposed a separable programming ap- 

proach to solve the problem. Kesler and Parker (1969) 
formulated the energy integration as a linear programming 
problem. Masso and Rudd (1969) used heuristics to 
determine the proper energy matches which would lead 
to efficient heat exchanger networks. Ichikawa and Fan 
(1973) have proposed a search method based on the 
maximum principle. Lee et al. (1970) solved the problem 
using a branch and bound technique. This technique is 
explained here in more detail since it will be used later. 

Branch and bound methods (Lawler and Wood, 1966; 
Mitten, 1970) are schemes for searching for optimal solu- 
tions. The power of the methods derives from the fact 
that, for certain problems, only a small fraction of the 
possible solutions need actually be enumerated. The re- 
maining solutions are eliminated from consideration 
through the application of bounds that establish that 
such solutions can not be optimal. These methods involve 
two basic steps: 

1. Branching, which consists of dividing sets of solu- 
tions into subsets. 

2. Bounding, which consists of establishing bounds on 
the value of the objective function over subsets of the 
solutions. 
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The basic strategy is to generate sets of subproblems 
by decomposing the original problem. Bounds (both lower 
and upper) are then formulated for the system. Each set 
of subproblems is checked to see if it possesses solutions 
within the bounds. If the solutions to a given subset of 
problems are outside the bounds (in the proper sense), 
then that subset is no longer considered. Hence, by 
bounding the problem certain sets of problems need not 
be investigated. 

More formally, let S be a given set whose elements are 
feasible solutions to a given problem. Also, f :  S + R be 
a specified real-valued function and let 

The objective is then to find the set of optimal feasible 
solutions 

So = {x'Ix' S and f (x')  = f'} 

To facilitate the bounding and branching steps, the repre- 
sentation of the original problem is frequently changed. 
The original problem is commonly embedded in a larger 
problem involving less restrictive assumptions or con- 
straints. For this purpose a nonempty superset T with 
S c T is introduced along with a bounded extension 
g :  T + R of the function f with the requirements that 
g ( x )  = f ( x )  whenever x c S and that there exists an 
x s T such that g(x) = f'. A good bit of the art of apply- 
ing branch and bound methods consists of choosing T and 
g so as to yield a small search space. 

A bounding problem for the heat exchanger network 
can be created by relaxing one condition of network 
feasibility-namely, that a stream can be used in more 
than one place at the same time. If this condition is 
allowed the optimal solution is less costly than the optimal 
solution of the original problem. However, if in solving 
this new and physically unrealistic problem, the simul- 
taneous multiple use of streams does not occur, the 
original problem is satisfied and optimal solution is 
found. The advantage is that the larger problem is easier 
to solve. If the optimal solution to the larger problem 
contains infeasibilities, that is, simultaneous multiple use 
of one or more streams, it is necessary to branch to a 
new problem which avoids that particular infeasibility. 
The branching, of course, must be to a problem that still 
maintains a lower bound on the solution. The details of 
the methods are explained in the original paper of Lee 
et al. (1970). In general the method involves enumerating 
and evaluating all the possible means for processing each 
stream from its source to its destination. Multiple simul- 
taneous use of streams is allowed in determining the 
processing sequence and evaluation. The best ways for 
processing each stream are then collected and checked 
for feasibility. If the set of stream processings contains 
no multiple simultaneous usages the optimal solution is 
obtained. If a simultaneous usage is found, the next best 
set of stream processings is checked for feasibility. This 
procedure is repeated until the first feasible solution, 
which is guaranteed to be optimal due to the lower 
bound, is found. Menzies and Johnson (1972) have ex- 
tended this branch and bound technique to more general 
energy integration systems which include compressors, 
turbo-expanders, etc. They also applied heuristics to the 
branch and bound procedure to further reduce the size 
of the search. 

In summary, the branch and bound method is a simple 
method for efficiently searching for solutions to the heat 
exchanger network synthesis problem. In the following 
section, we discuss the application of this method when 
separation sequencing is simultaneously considered. 

SEPARATION SEQUENCING WITH ENERGY INTEGRATION 

In the previous sections solution methods for the separa- 
tion sequencing and energy integration problems were 
discussed separately. The dynamic programming method 
for selecting optimal separation sequence was shown to 
be a feasible technique when no feedback of information 
exists. Unfortunately, when energy integration is con- 
sidered feedback is introduced. The total cost of per- 
forming a given separation depends on the cost of utilities 
required for the separation. However, the cost of the 
utilities is not known until the complete separation 
sequence is synthesized and its energy sources and sinks 
integrated. 

The integration of energy for the complete system is 
also coupled with the solution of the separation sequenc- 
ing problem. An energy integration problem is specified 
by listing the sources and sinks of the energy to be 
matched. However, all the sources and sinks are not 
known until the optimal sequence is synthesized. Without 
knowing which streams will appear in the system it is not 
possible to solve the energy integration problem. Hence, 
these two problems are very tightly coupled. The separa- 
tion sequencing depends on energy costs determined by 
the solution to the energy integration problem; but the 
energy integration problem can not be solved until the 
streams in the separation sequence are known. 

In this section we describe a strategy for solving these 
two subproblems simultaneously. Figure 6 presents the 
logic for the solution procedure based on a branch and 
bound method. The first step is to determine which 
streams elsewhere in the process are available for energy 
integration. For example, reactor effluents may be used 
to drive the separations. The mixture to be separated is 
then considered. All the streams (subgroups) which could 
arise in the separation of the given mixture are then gen- 
erated using the list splitting technique described earlier. 
Table 1 lists all such streams for the ordered list ABCDE. 
For each property considered for the separation, all the 
species are placed in an ordered list. The species order 
in the lists can be different, of course, for different prop- 
erties. All the streams which result from splitting these 
lists are considered for potential energy integration. This 
set of streams represents all the streams which could 
occur in any separation sequence. For a given sequence 
only a fraction of all the streams in the feasible stream 
set will occur. The energy integration character of a 
stream can also change depending on the separation 
sequence. For example, in Figure 3 the stream containing 
nearly pure C occurs in each of the three sequences. 
However, in sequences ( a )  and (c)  stream C is taken 
as an overhead product while in sequence (b)  it occurs 
as a bottom product. Thus stream C could be either a 
source or a sink of energy depending on how it occurs 
in the separation sequence. 

It is possible to reject certain stream matches for energy 
integration based on the second law of thermodynamics 
and the structure of the property lists. The following 
rules have been developed for isobaric sequences of high 
recovery distillation columns (volatility property order- 
ing). Similar rules can be developed for other types of 
property orders and for nonisobaric conditions. 

Rule 1. The most volatile member in an i-component 
(for I < N )  subset of the feasible stream set must go 
overhead in any subsequent distillation. For example, 
streams containing subgroups ABCD, ABC, AB and A of 
the Table 1 can occur as column overheads only. All such 
streams will always be energy sources (must be con- 
densed). Furthermore, since all streams of this type are 
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I. IDENTIFY THE MlXT RE TO BE SEPARATED AND OTHER PROCESS STREAMS 
AVAILABLE FOR E ERGY INTEGRATION. + 

4 
4 

IJ” 
2. GENERATE ALL STdEAMS WHICH COULD OCCUR IN THE SEPARATION SYSTEM. 

3. SELECT AN OPERATING PRESSURE FOR THE SEPARATION SYSTEM. 

4. COMPUTE BUBBLE POINTS OR DEW POINTS OF STREAMS FROM THE SEPARATION 
OF EACH SUB-GROQP ASSUMING HIGH (98-99%) RECOVERY OF THE KEY 
COMPONENTS. 

4 
4 

I- 
4 

5. FIND ALL FEASIBLE PRIMARY ENERGY EXCHANGE MATCHES. 

6. I F  AN ENERGY MATCH I S  FEASIBLE USE AN ENERGY COST OF ZERO. OTHERWISE 
USE U T I L I T Y  COSTS. 

7. COMPUTE THE OPTIMUM REFLUX RATIO AND NUMBER OF TRAYS FOR EACH SEPARATOR. 

8. GENERATE, EVALUATE, AND RANK THE ENERGY INTEGRATIONS FOR EACH STREAM. 

9. HAVE ENERGY COSTS CONVERGED 7 1 
USE CURRENT 
ENERGY COSTS 

(SIMULTANEOUS MULTIPLE USE OF STREAMS IS ALLOWED 1. 

i NO 

YES 
10. ENUMERATE AND dANK COSTS FOR EACH SEPARATION SUBPROBLEM. 

I I. SELECT THE MINIMUM COST FOR EACH SUBPROBLEM. 

12. SYNTHESIZE THE MINIMUM COST SEPARATION SEQUENCE USING DYNAMIC PROGRAMMING. 

13. I S  THERE SIMULTANEOUS MULTIPLE USE OF STREAMS OR THE ABSENCE OF A YES 

+ 
r 1 

USE THE NEXT BEST 
4 SET OF COSTS 

REQUIRED ENERGY INTEGRATION STREAM ? 
i No 

14. OPTIMAL SEPARATION SEQUENCE WITH ENERGY INTEGRATION. 

Fig. 6. StrQtegy for optimal synthesis of isobaric multicomponent separation systems with energy integration. 

sources of energy no matches for energy integration can 
occur between these streams-a source must always 
match with a sink. 

Rule 2. The least volptile member in an i-component 
(fur i < N )  subset of the feasible stream set must go to 
the bottom in any subsequent distillation. For example, 
streams containing subgtoups BCDE, CDE, DE, and E 
can occur as column boboms only. All such streams will 
always be energy sinks (must be vaporized). Further- 
more, since all streams of this type are sinks of energy, 
no matches for energy integration can occur between 
these streams. 

Rule 3. A member of an i-component subset can not 
exchange energy with the i - 1 consecutive members of 
the ordered list in the sane subset. Such groups can not 
occur together in the same sequence. For example, streams 
AB and BC cannot occur simultaneously since B must go 
completely with one streqm (high recovery). 
Rub 4. Feasible energy matches must be consistent 

with sequential list splitting. For example, an energy 
match between streams B and BC is thermodynamically 
feasible when B is an energy sink (bottom of a column) 
and BC is a source (top of a column). However, list 
structure dictates that when stream BC occurs in a 
sequence the stream B will always be source of energy 
(goes out the top of the following column). These list 
structure infeasibilities owur in matches between streams 
containing common speciqs. 

Ruk 5. Any given +ergy source stream (top of a 
column) can only exch nge energy with more volatile 
sinks (bottoms of colum~s).  Similarly, any given sink of 
energy (bottom of a colpmn) can only exchange energy 
with less volatile sourced (tops of columns). This rule is 
based on the second law of thermodynamics for isobaric 
sequences of distillation columns. 
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It should be noticed that these rules do not apply to 
matches involving external streams or matches with 
column inputs or effluents. The only matches considered 
in this problem are those between condensers and re- 
boilers in the system. The heat loads for vaporization and 
condensation are almost always much larger than the 
sensible heat loads for changing stream conditiom enter- 
ing or leaving the columns. For the isobaric case the feed 
and products are assumed to be saturated liquids and no 
heating or cooling is required between columns. 

During condensation and vaporization the temperature 
of the stream does not change. The incomplete matching 
of a source and sink of energy results in a portion of the 
unmatched stream still being available for further match- 
ing at its original temperature. This unmatched portion 
is then considered for further matches with other sources 
(or sinks) within the system. The important feature is 
that the temperatures of the streams do not change 
when a match is made. This assumes no subcooling or 
superheating during phase change. Figure 7 illustrates 
the use of these rules for the mixture ABCDE (volatility 
decreases from A to E ) .  The match matrix in Figure 7 
gives all the possible energy matches. An F appearing 
as the matrix element for a given match means the match 
is feasible. If the match is infeasible, a number corre- 
sponding to the rule ( s )  which indicated its infeasibility 
is placed in the element space. In this matrix only matches 
within the separation sequence are considered. When ex- 
ternal sources and sinks are also considered the number 
of possible energy matches becomes very large and the 
solution of the optimal sequence and energy integration 
becomes combinatorially more diacult. 

The primary matches given in Figure 7 indicate which 
streams may be incorporated in the energy integration. 
Unfortunately, in order to perform the energy integration 
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it is necessary to know not only that the match is feasible 
with respect to the second law and the list structure, but 
also the amount of energy available at each source and 
the amount required a t  each sink. The amount of energy 
depends on the operating conditions of the separators. For 
distillation it depends on the reflux ratio and feed rate 
for the column. However, the optimum reflux ratio for 
each column is determined in part by the cost of the 
energy. The cost of energy is dependent on how much 
energy integration is possible. Hence, it is not possible to 
determine the amounts of energy at the sources and sinks 
until the cost of energy is fixed, but the cost depends 
on the amount of energy. The scheme illustrated in Fig- 
ure 6 is used to uncouple this problem. The method is 
based on finding repeated lower bounds on energy costs 
until a feasible energy integration which yields that cost 

Fig. 7. Primary feasible energy exchange matches for isobaric dis- 
tillation sequences corresponding to the mixture ABCDE. 

TABLE 5. TEMPERATURES AND HEAT LOADS IN REBOILERS AND 
CONDENSERS FOR ALL THE SEPARATION SUBPROBLEMS 
CORRESPONDING TO RANKED LIST ABCDE. THE HEAT 

DUTIES CORRESPOND TO THE OPTIMAL REFLUX RATIOS 
WHEN UTILITIES ARE USED TO DRIVE THE 

SEPARATIONS IN TABLE 4 

Distillate Bottoms 
Condenser 

Sepa- Temp., duty, Temp., Reboiler duty, 
ration "C kcal/hr. "C kcal/hr. 

A/BCDE 
AB/CDE 
ABC/DE 
ABCD/E 
A/BCD 
AB/CD 
ABC/D 
B/CDE 
BC/DE 
BCD/E 
A/BC 
AB/C 
B/CD 
BC/D 
C/DE 
CD/E 
A/B 
B/C 
C/D 
D/E 

14.28 
37.51 
49.52 
59.49 
14.27 
37.51 
49.52 
49.89 
56.90 
66.29 
14.27 
37.51 
49.89 
56.90 
61.88 
73.32 
14.27 
49.89 
61.83 
93.46 

1.271 x 106 
5.622 x 106 
4.073 x 106 

1.102 x 106 
5.173 x 106 
3.513 x 106 
5.644 x 106 
3.892 x 106 

11.75 x 106 
1.028 x l@ 
4.781 x l@ 
5.164 x 106 
3.272 x 106 
3.347 x 106 

0.635 x 106 
4.738 x 106 
2.567 x 106 

12.08 x 106 

11.25 x 106 

11.86 x 106 

79.00 
86.65 

101.65 
104.98 
68.01 
75.49 
95.98 
86.65 

101.65 
104.98 
58.11 
62.61 
75.49 
95.98 

101.65 
104.98 

50.27 
62.61 
95.98 

104.98 

1.438 x 106 
5.853 x 106 
4.443 x 106 

1.203 x 1 0 6  
5.272 x 106 
3.657 x 106 
5.735 x 106 
4.143 x 106 

1.085 x 106 
4.803 x 106 
5.191 x 106 
3.367 x 106 
3.501 x 106 

0.669 x 106 
4.735 x 106 
2.627 x 106 

12.29 x 106 

11.88 x 106 

11.31 x lo6 

11.83 x 106 

is found. 
Table 5 presents the temperatures and heat duties in 

condensers and reboilers corresponding to all the separa- 
tion subproblems for the mixture ABCDE. These values 
correspond to the optimum costs for the separations listed 
in Table 3. In Table 3 utilities are used to drive the 
separations. Once the exact temperatures in the con- 
densers and reboilers are known, some matches which 
were shown to be feasible in Figure 7 may be discarded 
based on the second law of thermodynamics and minimum 
allowable temperature approach of 8.5"C. 

Table 6 enumerates the optimal costs of each separation 
subproblem for all possible combinations of energy 
matches. The optimization is over the total cost for both 
columns involved in the energy match. Utility costs are 
used for the energy cost for the ends of the column not 
involved in the match. Utilities are used for the un- 
matched portion resulting from a match if no other 
matches can be found for that part. The total cost includes 
both capital and operating costs as described in Table 4. 
The multiple simultaneous use of streams has been allowed 
for energy integration. The values are ranked from lowest 
to highest, and only matches within the separation se- 

TABLE 6. RANKED LIST OF COSTS FOR EACH SEPARATION 
SUBPROBLEM WHEN ALL POSSIBLE ENERGY INTEGRATIONS 

ARE CONSIDERED 

Sepa- 
ration 
sub- 

problem cost, $/yr. Energy match 

A/BCDE 

AB/CDE 
ABC/DE 
ABCD/E 

A/BCD 
AB/CD 
ABC/D 
B/CDE 
BC/DE 
BCD/E 
A/BC 

AB/C 

B/CD 
BC/D 
C/DE 

CD/E 

A/B 

B/C 

C/D 

D/E 

0.9320 x lo5 
1.1490 x lo5 
4.6150 x l o 5  
1.1710 x l o 5  
3.3880 x lo5 
3.4490 x l o 5  
0.9935 x lo5 
4.2080 x l o 5  
0.9805 x lo5 
1.4460 x lo5 

3.314 x I@ 
0.7573 x lo5 
0.9260 x l o 5  

3.881 x lo5 
1.305 x l o 5  
0.9041 x l o 5  
0.8794 x l o 5  
0.9394 x 105 
3.077 x lo5  
3.144 X lo5 
0.4862 X l o 5  
0.5841 x l o 5  
0.5841 x l o 5  
0.5841 x 105 
0.5841 x l o 5  
0.5909 x l o 5  
0.4405 x l o 5  
1.196 x lo5 
0.6771 x l o 5  
0.7198 x 105 
3.083 x l G 5  
3.088 x 105 
3.099 x lo5 
3.169 x l o 5  
3.192 x l o 5  

1.100 x 105 

3.150 x 105 

3.272 x 105 

BCDE: D( DE ) 
None 
Sone 
None 
ABCD:B(AB) 
None 
None 
None 
Sone 
Sone  
None 
None 
BC:D(DE) 
Sone 
C:D(DE) 
None 
None 
None 
C:B(AB) 
None 
CD:B ( AB ) 
None 
B:D(DE) 
B:ABCD(ABCDE) 
B:CD( CDE ) 
B:C( CD) 
B :C( CDE ) 
None 
B:D( DE) 
None 
C:B(AB) 
None 
D:BC(ABC) andC(BC) 
D:BCDE(ABCDE) and C(BC) 
D:C(ABC) and B(AB) 
D: BCDE ( ABCDE ) 
D:B ( AB ) 
None 

BCDE: D(DE) means that stream BCDE from separation ABCDE is 
matched with stream D from subgroup DE. 
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quences are considered. A match "BCDE: D (DE)" means 
stream BCDE available from the separation A/BCDE 
matches with the streaqh D which is derived from the 
separation of the subgr+up DE. I t  was found for this 
problem that the optimbm reflux ratio for a particular 
separation subproblem ihcreases when an energy match 
is available to drive that! separation. The increase in most 
cases was found to be shall (< lo%) .  Hence, it seldom 
took more than 3 to 4 integrations to find the optimal cost 
of a separation with energy integration. 

For one separation srhbproblem in an isobaric system 
three types of energy matches can occur. First, the con- 
denser of the column covld be matched with the reboiler 
of another column [that is, in h e  previous example the 
condenser of the D/E column (the D stream) is matched 
with the reboiler of the A/BCDE column (the BCDE 
stream)]. Second, the reboiler of a column can match 
with the condenser of another column. This is just the 
inverse of the first case. Third, both the condenser and 
the reboiler of a single, column could be matched with 
other sources or sinks ,of energy. For isobaric systems 
with matches only with other column reboilers and con- 
densers, no such single, columns of this type exist. This 
is due to the preservation of property ordering at  each 
separation. 

I t  is possible that parts of one source (or sink) of 
energy could be simubtaneously matched with several 
other sinks (or sources). In this case it is necessary to 
evaluate the optimal costs for all possible combinations 
of the matches. For exaimple the match D:BC(ABC) and 

(CBC) involves the optimization of three columns simul- 
taneously. The three columns can be decomposed so that 
three single-column optimizatioiis will solve [he original 
problem. Such combinations do not occur very often in 
distillation systems. 

In  the next step, lowest costs for each separation sub- 
problem are used to conslruct a dynamic programming 
table, and a first minimum cost separation sequence is 
synthesized. Serial information flow exists in this prob- 
lem since liigh recoveries are assumed (99yh) and the 
columns are all at the same pressure. Table 7 illustrates 
this procedure for the mixture ABCDE described in Table 
4. The lowest cost Tor each separation subproblem is 
taken from Table 6. Fortunately, in this case the energy 
matches occurring in the minimum cost sequence are all 
feasible. Therefore, this is also the optimal separation 
sequence. It should be noticed that the optimal separation 
sequence synthesized in Table 7 is different from the one 
synthesized in Table 3, and the new optimal separation 
sequence offers 15.576 savings in the total annual cost 
for the same separation problem. The energy matches 
occurring in the new optimal separation sequence are 
illustrated in Figure 8. 

This example demonstrates the strong dependence of 
the separation sequencing problem on energy integration 
and shows that significant cost reductions can be obtained 
using this approach. 

Since the rules 1 to 5 described previously are sys- 
tematically used in conjunction with the second law of 
the thermodynamics to discard several energy matches 

TABLE 7. DYNAMIC PROCRAMhlINC SYNTHESXS OF OPTIMAL SEPARATION SEQUENCE FOR THE MIXTURE ABCDE (SEE 
TABLE 4 ) .  COSTS CORRESPOND TO MINIMUM COST LISTED FOR EACH SEPARATION SUBPROBLEM IN TABLE 6 

Separation 

A/B 

B/C 

C/D 

D/E 

A/BC 
AB/C 

B/CD 
BC/D 

C/DE 
CD/E 

A/BCD 
AB/CD 
ABC/D 

B/CDE 
BC/DE 
BCD/E 

A/BCDE 
AB/CDG 
ABC/DE 
ABCD/E 

cost of 
separation, 

$/yr. 

0.4862 x l o 5  

0.4405 x lo5 

0.6771 x lo5 

3.083 x lo5 

0.7573 x lo5 
3.1530 X lo5 

1.305 x l o 5  
0.9041 x lo5 

0.8794 x 105 
3.077 x lo5 

0.9935 x l o 5  
4.2080 x l o 5  
0.9805 x 105 

1.446 x l o 5  

3.314 x lo5 

0.9320 x 105 
4.6150 x lo5 
1.1710 x lo5 
3.3880 x l o 5  

1.100 x 105 

Total cost 
including 

separations, 
$/yr. 

0.4862 x l o 5  

0.4405 x lo5 

0.6771 x 105 

3.083 x lo5 

1.1978 x 105 
3.6392 x lo5  

1.9821 x lo5 
1.3446 x 105 

3.9624 X 105 
3.7541 x lo5 

2.3381 X lo5 
5.3713 x 105 
2.1778 x l o 5  

5.2001 x l o 5  
4.6235 x 105 
4.6586 x 105 

5.5555 x 105 

5 . ~ 5 8  x 105 

8.8553 x 105 
5.4518 x 105 

Minimum 
subgroup 

decomposition 
cost, $/yr. 

0.4862 x lo5 

0.4405 x lo5 

0.6771 x 105 

3.083 X lo5 

1.1978 x 105 

1.3446 X 105 

3.7541 x 105 

2.1778 x lo5 

4.6235 x lo5 

5.4518 x lo5 

Optimal sequence 
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n X i , D  = mole fraction of component i in the distillate 
Z,,F = mole fracbion of component i in the feed 
Greek Letters 

ai = relative volatility of component i with respect to 

= relative volatility of component i with respect to 

= average tray e5ciency, fraction 
= a constant that satkfies the Underwood equation 

and lies between the values of relative volatilities 
of light and heavy keys 

the heavy key component 

component r 
7 
8 

= fraction of liquid in column feed 
c = contained in 
t = an  element of 

AECDE pi c- 

I 
B C  - - 

I: 
W D  

c 
DE 

t E  

Fig. 8. Optimal separation sequence with energy integration for the 
mixture described in Table 4. 

before Table 6 is computed, there is a very high prob- 
ability of obtaining the optimal separation sequence by 
only one application of the dynamic programming search. 
However, if the energy matches occurring in the first 
minimum cost ‘separation sequence are infeasible, the next 
combination of separation costs is selected such that the 
sum of the costs for all separation subproblems increases 
monotonically as the number of iterations increases. (Note 
that the infeasibilities can occur due to simultaneous mul- 
tiple use of streams and/or to the use of matches between 
streams which did not occur in the minimum cost se- 
quence.) I t  can be proved that the cost of the optimal 
separation sequence synthesized in each iteration also 
increases monotonically as the number of iterations in- 
creases. Therefore, the first feasible separation sequence 
synthesized this way is also optimal. The efficiency of this 
search method lies in the fact that very few iterations 
are normally necessary to find the optimal solution. 

If one desires to generate other competitive separation 
sequences, the iterative search can be continued until 
sufficient number of feasible solutions are found. 
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NOTATION 

A 
cu 
D 
Dc 
Hc 
N 
P 
Q 
R 
R ,  
S 
Sm 

V 
T D V  

= area of heat exchanger, m2 
= cost of utilities, $/million kcal. 
= flow rate of distillate, kg mol/hr. 
= diameter of the column, m 
= height of the column, m 
= number of components in the feed mixture 
= column pressure, atm 
= heat duty, million kcal/hr. 
= reflux ratio 
= minimum reflux ,ratio 
= number of stages 
= minimum number of stages 
= dewpoint of the vapors at the column top, “K 
= average velocity of the vapors in the column, 

m/s 
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